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Abstract
The structure of Pais-Uhlenbeck oscillator in the equal-frequency limit has
been recently studied by Mannheim and Davidson [Phys.Rev. A71 (2005), 042110].
It appears that taking this limit , as presented in the above paper, is quite subtle
and the resulting structure of space of states - involved. In order to clarify the
situation we present here the proper way of taking the equal-frequency limit,
first under the assumption that the scalar product in the space of states is pos-
itive defined. We discuss also the case of indefinite metric space of states. We
show that, irrespective of the way the limit is defined, the limiting theory can be
hardly viewed as satisfactory.
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1
Pais-Uhlenbeck quartic oscillator [1] is described by the Lagrangian
L =
m
2
q˙2 − mω
2
2
q2 − mλ
2
q¨2 (1)
Its behaviour depends on actual values of parameters ω and λ. In what follows we keep
m and ω fixed while varying λ. The relevant equation of motion reads
λ
(
d2
dt2
+ ω21
)(
d2
dt2
+ ω22
)
q(t) = 0 (2)
with
ω21,2 ≡
1±√1− 4λω2
2λ
(3)
For large λ (λ > 1
4ω2
) both frequencies are complex. On the other hand, in the range
0 < λ < 1
4ω2
they are real; in the limiting case λ = 1
4ω2
there is a double degeneracy
ω1 = ω2 =
√
2ω. Finally, if λ < 0, one frequency is real while the second one - purely
imaginary.
In order to quantize our theory one has to put it first in Hamiltonian form. This
can be achieved within Ostrogradski formalism [2], [3]. It is well known [4], [5], [6]
that the Ostrogradski procedure is essentially a form of Dirac method for constrained
theories.
In our case one finds [7], [8] ÷ [10] the following canonical variables
q1 ≡ q, q2 ≡ q˙
Π1 ≡ δL
δq˙
=
∂L
∂q˙
− d
dt
(
∂L
∂q¨
)
= m(q˙ + λ
...
q)
Π2 ≡ δL
δq¨
=
∂L
∂q¨
= −mλq¨ (4)
together with the Hamiltonian
H = Π1q2 − 1
2mλ
Π22 +
mω2
2
q21 −
m
2
q22 (5)
Quantization can be now performed in the standard way by imposing the commutation
rule
[qˆi, Πˆj ] = ih¯δij (6)
Consider first the range 0 < λ < 1
4ω2
; then ω21 > ω
2
2 > 0. To make the structure
of the Hamiltonian transparent we perform the following canonical transformation (cf.
2
Ref.[1])
qˆ1 =
1√
λ(ω21 − ω22)
(−xˆ1 + xˆ2)
qˆ2 =
1
m
√
λ(ω21 − ω22)
(pˆ1 + pˆ2) (7)
Πˆ1 =
√
λ
ω21 − ω22
(ω22pˆ1 + ω
2
1 pˆ2)
Πˆ2 = m
√
λ
ω21 − ω22
(−ω21xˆ1 + ω22xˆ2)
Note that the above transformation becomes singular in the doubly degenerate limit
λ→ 1
4ω2
. In term of new variables the Hamiltonian takes particularly simple form
Hˆ =
(
pˆ22
2m
+
mω22
2
xˆ22
)
−
(
pˆ21
2m
+
mω21
2
xˆ21
)
(8)
The eigenvectors of Hˆ are uniquely determined (up to a phase factor) by two nonneg-
ative integers n1, n2
Hˆ | n1, n2〉 =
(
−h¯ω1(n1 + 1
2
) + h¯ω2(n2 +
1
2
)
)
| n1, n2〉 (9)
The spectrum of Hˆ is simple provided ω1
ω2
is irrational; for rational ω1
ω2
(superintegrable
case) there is a degeneracy.
The wave functions in the coordinate representation read
〈x1, x2 | n1, n2〉 = (10)
= N(n1)N(n2)
4
√
m2ω1ω2
h¯2
Hn1
(
x1
√
mω1
h¯
)
Hn2
(
x2
√
mω1
h¯
)
· e−m2h¯ (ω1x21+ω2x22)
where N(n) ≡ (√π · 2n · n!)− 12 .
The spectrum of Hˆ, as given by eq.(9), is unbounded from below. One gets positive
energy spectrum by admitting indefinite metric in the space of states. To this end we
consider the space of states endowed with the positive-definite scalar product (·, ·) and
define the ”physical” scalar product with the help of metric operator η
〈Φ | Ψ〉 ≡ (Φ, ηΨ), η = η+ = η−1 (11)
Denoting by ”⋆” the hermitean conjugate with respect to the scalar product 〈· | ·〉 one
finds for any operator Aˆ.
Aˆ⋆ = ηAˆ+η (12)
3
Let ai, a
+
i be the creation/anihilation operators constructed out of xˆi, pˆi,
xˆi = i
√
h¯
2mωi
(
ai − a+i
)
pˆi =
√
mh¯ωi
2
(
ai + a
+
i
)
(13)
We define
η = (−1)N1 = eiπa+1 a1 (14)
Then
〈n1, n2 | n′1, n′2〉 = (−1)n1δn1n′1δn2n′2; (15)
moreover, xˆ⋆i = xˆi, pˆ
⋆
i = pˆi imply
xˆ+i = (−1)ixˆi, pˆ+i = (−1)ipˆi (16)
Defining (c.f. [1])
xˆ′1 = ±ixˆ1, xˆ′2 = xˆ2
pˆ′1 = ∓ipˆ1, pˆ′2 = pˆ2 (17)
we find that xˆ′i, pˆ
′
i are hermitean (with respect to ”+” conjugation) and
Hˆ =
(
pˆ′21
2m
+
mω21
2
xˆ′21
)
+
(
pˆ′22
2m
+
mω22
2
xˆ′22
)
(18)
Therefore, the spectrum of Hˆ is now positive definite
En1,n2 = h¯ω1(n1 +
1
2
) + h¯ω2(n2 +
1
2
) (19)
The ”physical” subspace is spanned by the vectors | 2n1, n2〉.
Let us now consider the degenerate case λ = 1
4ω2
. To reveal the structure of the
Hamiltonian we define new variables Qˆi, Pˆi by [1]
qˆ1 =
Qˆ1
2
√
2
+
Pˆ2
mω
qˆ2 =
ωQˆ2
2
+
√
2Pˆ1
m
(20)
Πˆ1 =
Pˆ1√
2
− 3
4
mωQˆ2
Πˆ2 =
Pˆ2
2ω
− 3
4
√
2
mQˆ1
4
Eq.(20) defines a λ independent canonical transformation. In terms of new variables
the Hamiltonian takes a particularly simple form
Hˆ =
√
2ω(Qˆ1Pˆ2 − Qˆ2Pˆ1)− mω
2
2
(Qˆ21 + Qˆ
2
2) (21)
Again, it is a sum of two commutating pieces: the first proportional to the angular
momentum operator while the second represents the length of ~ˆQ squared. Therefore,
the energy is the sum of discrete and continuous parts and depends on the combination
of two quantum numbers [1].
In what follows we find it convenient to use the momentum representation: Pˆi →
Pi, Qˆi → ih¯ ∂∂Pi . Let us define the polar coordinates in momentum space by P1 =
P cosΘ, P2 = P sinΘ. Then
Hˆ = −i
√
2ωh¯
∂
∂Θ
+
mω2h¯2
2
(
∂2
∂P 2
+
1
P
∂
∂P
+
1
P 2
∂2
∂Θ2
)
; (22)
the spectrum and normalized eigenfunctions read
En,k = ωh¯
(√
2n− mωh¯k
2
2
)
(23)
Ψn,k(~P ) =
√
k
2π
Jn(kP )e
inΘ
We shall now consider the limit λ→ 1
4ω2
. This is slightly subtle due to the fact that
the spectrum of the Hamiltonian changes in this limit from discrete into continuous
one. Let us put
1− 4λω2 ≡ ε2, ε→ 0+ (24)
Then
ω1,2 ≃
√
2ω
(
1± ε
2
)
(25)
The energy spectrum (9) can be rewritten as
En1,n2 =
√
2ωh¯(n2 − n1)−
√
2
2
ωh¯ε(n1 + n2 + 1) (26)
In the limit ε→ 0+ the energy seems to be given by the formula [11]
En1,n2 =
√
2ωh¯(n2 − n1) (27)
This is, however, not the case. We should take into account that the limiting Hamilto-
nian has a continuous spectrum given by eq.(24). Therefore, the proper way of taking
the limit is to let n1, n2 →∞ in such a way that
n = n2 − n1
ε(n1 + n2) =
mωh¯k2√
2
(28)
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are fixed.
We shall show that, indeed, by considering this limiting procedure one recovers the
wave functions (23) of degenerate Hamiltonian.
Let us note that we cannot take the equal frequency limit directly. This is due to
the fact that the very coordinate representation becomes singular in this limit as is
clearly seen from eq.(7). On the other hand, the momentum representation based on
Pˆ1, Pˆ2 (cf. eqs.(22), (23)) is always well-defined. Therefore, the first step will be to
rewrite our wavefunctions (10) in momentum representation. To this end we write Pˆ1
and Pˆ2 in terms of xˆ
′
is and pˆ
′
is. By virtue of eqs.(7) and (20) we find
Pˆ1 =
b2pˆ1 + b1pˆ2
m
√
λ(ω21 − ω22)
=
−ih¯
m
√
λ(ω21 − ω22)
(
b2
∂
∂x1
+ b1
∂
∂x2
)
Pˆ2 =
√
2ω(−b1xˆ1 + b2xˆ2)√
λ(ω21 − ω22)
=
√
2ω√
λ(ω21 − ω22)
(−b1x1 + b2x2) (29)
b1,2 ≡ m
2
√
2
(
3
2
+ λω21,2
)
It is now straightforward to find the relevant transition functions 〈x1, x2 | P1, P2〉 by
solving the corresponding eigenvalue equations
Pˆi〈x1, x2 | P1, P2〉 = Pi〈x1, x2 | P1, P2〉 (30)
Using eqs.(29) one obtains
〈x1, x2 | P1, P2〉 = (31)
=
√√√√mλ(ω21 − ω22)
2
√
2πh¯ω
δ

−b1x1 + b2x2 −
√
λ(ω21 − ω22)P2√
2ω

 e
im
√
λ(ω2
1
−ω2
2
)
h¯(b2
1
+b2
2
)
P1(b2x1+b1x2)
This allows us to pass to the momentum representation
〈P1, P2 | n1, n2〉 =
∫
dx1dx2〈P1, P2 | x1, x2〉〈x1, x2 | n1, n2〉 (32)
Doing one integration with the help of delta function one arrives at the following rather
complicated expression:
〈P1, P2 | n1, n2〉 = N(n1)N(n2)
b21 + b
2
2
4
√
m2ω1ω2
h¯2
√√√√mλ(ω21 − ω22)
2
√
2πh¯ω
·
·e
m
2h¯
[
λ(ω2
1
−ω2
2
)
ω1b
2
2
+ω2b
2
1
(
b1b2(ω2−ω1)√
2ω(b2
1
+b2
2
)
P2+iP1
)2
−λ(ω
2
1
−ω2
2
)
2ω2
(ω1b
2
1
+ω2b
2
2
)
(b2
1
+b2
2
)2
P 22
]
· (33)
·
+∞∫
−∞
dvHn1


√
mω1
h¯


b2v − b1
√
λ(ω21−ω22)√
2ω
P2
b21 + b
2
2



Hn2


√
mω2
h¯

b1v +
√
λ(ω21−ω22)√
2ω
P2
b21 + b
2
2



 ·
·e
−m
2h¯
[√
ω1b
2
2
+ω2b
2
1
b2
1
+b2
2
v+
√
λ(ω2
1
−ω2
2
)
ω1b
2
2
+ω2b
2
1
(
b1b2(ω2−ω1)√
2ω(b2
1
+b2
2
)
P2+iP1
)]2
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In principle, the last integral could be also taken. However, this is not necessary. We
can take the limit ε→ 0+ directly in eq. (33). In this limit
b1,2 ≃ m√
2
(
1± ε
4
)
(34)
Keeping dominant terms in eq.(33) one finds
〈P1, P2 | n1, n2〉 ≃ N(n1)N(n2)
√
ε√
πh¯
· (35)
·
+∞∫
−∞
dyHn1
(
y −
√
ε
2
√
2mh¯ω
(P2 + P1)
)
Hn2
(
y −
√
ε
2
√
2mh¯ω
(−P2 + iP1)
)
e−y
2
The last integral is taken explicitly yielding [12]
〈P1, P2 | n1, n2〉 ≃ (36)
≃
√
ε√√
2mh¯ω
(
ε
2
√
2mh¯ω
)n
2
(P2 − iP1)nn1!2n2N(n1)N(n2)Lnn1
(
ε(P 21 + P
2
2 )√
2mωh¯
)
(for definiteness we have assumed here n1 ≥ n2; the opposite case goes along the same
way). Now, it is easy to take the limit ε → 0, n1,2 → ∞ with n ≡ n2 − n1 and
ε(n1 + n2) =
mωh¯k2√
2
fixed. Using Stirling formula and the asymptotic form of Laguerre
polynomials [12] we arrive finally at the following result
〈P1, P2 | n1, n2〉n1,n2→∞ε→0 ≃ (−i)n
√ √
2ε
mh¯ωk


√
k
2π
Jn(kP )

 einΘ (37)
By comparying eq.(36) and (23) we conclude that by taking the limit of equal frequen-
cies in the way prescribed above we recover the wavefunctions of degenerate Hamilto-
nian. To complete the arguments let us only note that the additional
√
ε factor comes
from the fact that the discrete eigenfunctions have unit norm while the norm of limiting
one is infinite.
Let us now consider the question whether the double-frequency case can be quan-
tized in the way which yields positive-definite Hamiltonian at the expense of having
indefinite metric in the space of states. More precisely, the problem is the following: for
differening frequencies we choose the positive-energy quantization scheme; is it possible
to perform the equal-frequency limit keeping the energy positive?
In order to answer this question one has to adopt some definition of taking the
equal-frequency limit. The most reasonable way is to keep the initial operators qˆi, Πˆi
as given once forever linear operators acting in some linear space of states and varying
the Hamiltonian by varying some of its parameters (λ in our case). For ε > 0 one can
define, via eqs.(7) and (16), the hermitean conjugation ”+” for q′is and Π
′
is (and, hence,
convert the space of states into usual Hilbert space) in such a way that the Hamiltonian
7
(5) becomes a positive-definite operator. The definition of hermitean conjugation ”+”
depends, of course, on ε. It is easy to compute, using (7) and (16), that, for example
qˆ+1 ≃
1
ε2
(
qˆ1 − 2
m
Πˆ2
)
(38)
Therefore, the reasonable conjugation rule cannot be imposed in the limiting case. One
can support this conclusion by considering the operators a and b defined by eqs. (33)
of Ref. [8]. In fact, it is easy to check that a diverges if the limit is taken in the way
prescribed above; this is not in contradiction with the fact that their commutators and
the Hamiltonian (eqs. (35), (40) of Ref [8]) are well-behaving in the limit ε→ 0.
However, one can argue that our prescription of taking the ε → 0 limit is not the
only possible. In fact, one can argue that it is sufficient to get the regular limiting
commutation rules and the Hamiltonian. This seems to be the strategy adopted by
the authors of Ref. [8].
Let us consider in some detail their construction. The limiting commutation rules
and the Hamiltonian read
[a, a⋆] = 0, [b, b⋆] = 0, [b, a⋆] = µ, [a, b⋆] = µ, [a, b] = 0
H =
ω
µ
(2b⋆b+ a⋆b+ b⋆a) + const (39)
By defining
A1 =
1√
2µ
(a+ b) , A2 =
1√
2µ
(a− b) (40)
one obtains
[Ai, Aj] = 0, [A
⋆
i , A
⋆
j ] = 0, [Ai, A
⋆
j ] = 0, i 6= j, [A1, A⋆1] = 1, [A2, A⋆2] = −1
H = ω(2A⋆1A1 −A⋆1A2 −A⋆2A1) (41)
Then we obtain the indefinite Fock space for two degrees of freedom. Define new metric
operator
τ ≡ eiπA+2 A2 (42)
and new conjugation
B+ ≡ τB⋆τ (43)
Then A+1 = A
⋆
1, A
+
2 = −A⋆2 and one obtains standard commutation rules together
with Fock representation with positive metric and ” + ” playing the role of hermitean
conjugation.
Now, H can be viewed as acting in standard Hilbert space,
H = ω(2A+1 A1 − A+1 A2 + A+2 A1) (44)
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We see that H is not normal
[H,H+] 6= 0 (45)
so it cannot be diagonalized. Moreover,,
[H,N ] = 0 (46)
where N ≡ A+1 A1 + A+2 A2 is the total number operator. Therefore, we can consider
H as acting separately in each finitedimensional subspace of fixed eigenvalue of N . It
is represented as a matrix in any such subspace and we want to determine its Jordan
form. To this end consider the subspace spanned by | n1, n2〉, n1 + n2 = n; then
(H − ωn)n+1 | n1, n2〉 = (H − ωN)n+1 | n1, n2〉 =
= ωn+1(A+1 A1 − A+2 A2 −A+1 A2 + A+2 A1)n+1 | n1n2〉 =
= ωn+1((A+1 + A
+
2 )(A1 − A2))n+1 | n1, n2〉 =
= ωn+1(A+1 + A
+
2 )
n+1(A1 −A2)n+1 | n1, n2〉 = 0 (47)
because [A+1 + A
+
2 , A1 − A2] = 0. Therefore, in any subspace corresponding to the
eigenvalue n of N H takes the form of single Jordan block; any such subspace contains
exactly one eigenvector corresponding to the eigenvalue nω. In order to construct it
we note that
[H,A+1 + A
+
2 ] = ω(A
+
1 + A
+
2 ) (48)
Therefore
| n〉 = (A+1 + A+2 )n | 0, 0〉 (49)
is the eigenvector of H corresponding to the eigenvalue nω of H . Now, using
| n〉 =
n∑
k=0
(
n
k
)√
k!
√
(n− k)! | k, n− k〉 (50)
one finds
〈n | n〉 = n!
n∑
k=0
(
n
k
)
(−1)n−k = 0 (51)
We see that all eigenvectors of H have zero norm. However, it is reasonable to assume
that the physical space of states is spanned by the eigenvectors of H . This is a subspace
of zero norm so it can hardly be viewed as physical one.
Concluding, we see no way to get the positive-energy quantized degenerate PU
theory, at least by limiting procedure.
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